It has been established experimentally by Pasquill that the theory of atmospheric turbulence put forward by O. G. Sutton in 1934 leads to satisfactory theoretical rates of evaporation from plane, saturated, liquid surfaces. The theory, however, overestimates the vapour concentra tion at any point and underestimates the rate of decay of concentration with height above such evaporating surfaces of finite lateral dimensions. In the present paper it is suggested that one of the reasons for this discrepancy lies in the neglect of the lateral component of turbulence. The aim of the present investigation is to estimate quantitatively the effect on the values of the theoretical vapour concentration produced by the introduction of a lateral component of turbulence.
I t has been established, as a result of a long series of experiments by Pasquill (1943) , th at the theory of atmospheric turbulence put forward by O. G. Sutton (1932 Sutton ( , 1934 leads to satisfactory theoretical rates of evaporation from plane, saturated, liquid surfaces. The theory, however, overestimates the vapour concentration at any point and underestimates the rate of decay of concentration with height above any such evaporating surfaces of finite lateral dimensions. In the present pap that one of the reasons for this discrepancy lies in the neglect of the lateral com ponent of turbulence. The special case of concentration of vapour above a saturated liquid surface of parabolic shape is considered In addition to work by 0 . G. Sutton and Pasquill, referred to above, problems in this field have been attacked by W. G. L. Sutton (1943) , and Frost (1946) , but in all these expositions only the dispersion of liquid vapour by eddy diffusion normal to the evaporating surface was taken into account.
A theory of turbulence has yet to be formulated which will give rigorous expres sions for the dependence of eddy diffusivity on height above ground. The result is th at empirical formulae have had to be adopted by these authors to give the varia tion of wind speed and normal diffusivity with height. These expressions on sub stitution in the diffusion equation (2-2) yield the differential equation where x is the concentration a t a height z and a t a distance x along the wet strip. This equation has been solved, by O. G. Sutton, W. G. L. Sutton and Frost, subject to certain prescribed boundary conditions (specified later in §2). The calculated rates of evaporation derived on this hypothesis gave good agreement with experi
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mental results for evaporation from plane areas of various shapes (Pasquill 1943) . The agreement is not unexpected, because near the liquid surface it is clearly the diffusivity normal to the surface which is the operative agent in transporting the vapour from the surface, except for a very small effect near the bounding edges.
Turbulence and diffusion in the lower atmosphere
Let x, y, 2 be orthogonal space co-ordinates with origin ai the vertex of a parabolic saturated area lying in a horizontal plane, as in figure 1; is measured vertically upwards and x along the axis of the area. In the theory established by O. G. Sutton (1934) transfer of mass across the planes z = constant is considered. The present investigation introduces additional transfer across the planes y = constant. Evapora tion, however, is clearly given by the transfer normal to the plane 2 = 0, indicated by full arrows in figure 1 ; transfer of mass across the planes y = constant a t 2 = 0, indicated by the single dotted arrows in the diagram, will not have any influence on evaporation. There may, however, be an appreciable effect near the bounding edges, indicated by double dotted arrows. Hence the easily computable expressions for evaporation, obtained by neglecting lateral diffusion, are adequate.
The distribution of vapour in the air stream a t finite distances above and down wind of the surface is dependent on both the vertical and lateral diffusivities; and, as might have been expected on physical grounds, the theory dependent on onedimensional dispersion underestimates the decay of vapour concentration at points above and down-wind of areas of finite lateral dimensions, except where the latter is very large (Frost 1946) .
The first successful attem pt at a solution involving eddy diffusion in two dimen sions was given by Dr W. G. Bickley (unpublished) for an infinite quadrant, with one bounding edge normal to the mean wind direction. He assumed th at wind speed and diffusivity was constant with height above the surface. I t was pointed out to the present author by Dr Bickley th at a solution could also be obtained for a parabolic area (with vertex pointing up-wind and axis orientated in the mean wind direction), again on the assumption th at wind speed and diffusion were constant. The method was worked out in detail by the author and is included in § 3 of this paper.
In § 4 an empirical expression, for the dependence of lateral diffusivity on height, is proposed which, together with the expression for normal diffusivity and wind speed used by 0 . G. Sutton (1934) , defines a practical model of the lower atmosphere in which wind speed, normal and lateral diffusivity vary as simple powers of height above the surface. Substitution of these coefficients in equation (2-2) yields the new differential equation (5-2) which, together with prescribed boundary conditions, presents mathematical difficulties which have been resolved as yet only for a saturated area of parabolic shape. This solution is given in § 5. Its value lies in its comparison with theoretical results derived from solutions of equation (M ) and with experimental results: in this way the effects of neglecting the lateral dispersion may be estimated. I t is assumed th at the vapour pressure of the evaporating liquid approaches its saturation value at the temperature of the surface as the surface is approached. This implies that the vapour concentration x assumes a constant value Xo at the surface of the saturated area.
The appropriate boundary conditions then are 
W i n d s p e e d a n d d i f f u s i v i t i e s c o n s t a n t w it h HEIGHT ABOVE EVAPORATING SURFACE
I t is convenient to substitute non-dimensional variables given by
where a is a scale factor of the dimensions of time and U, K y, K z are constants. In these co-ordinates equation (2-2) becomes
The initial area y2 = 4 A x becomes, in the new fi = U /K yA . Now suppose th a t space is mapped out by a system of parabolas given by
A solution for x independent of X clearly exists, and this is consistent wi boundary conditions. The equation for x depending on Y and Z then is (3) (4) (5) with the appropriate boundary conditions
These equations suggest the further transformation into elliptic co-ordinates
Since the area is bounded by y2 = 4 yE,,then c = 1.
Equation ( A solution independent of /? exists of the form
This may be adjusted to satisfy the conditions, if 1 and
and K 0 is the modified Bessel function of the second kind with imaginary argument. So th at the equation for y is
The rate of evaporation at any point (x, y) is given by
E(x,y)
and from the transformations it follows easily that by using the relation At /? = 0, i.e. on the saturated strip,
Substitution for sin in (3*10) gives
The total rate of evaporation from an area of down-wind length x is given by integration of equation (3-10) with respect to 6 from 0 to and from 0 to x, down- 
S p e c i f i c a t i o n o f t h e d i f f u s i o n c o e f f i c i e n t s a s f u n c t i o n s o f t h e DEGREE OF TURBULENCE AND OF HEIGHT ABOVE THE SURFACE
The formulae adopted to give the functional dependence of mean wind speed and of vertical diffusivity on height and degree of turbulence are known to agree reason ably well with experiments in the lower atmosphere, and are used by O. G. Sutton (J934) and W. G. L. Sutton (1943) , in their work on evaporation problems. They are (4-1) and
where m -n /(2 -n) is a non-dimensional parameter, taken as a measure of the degree of turbulence. In these expressions Ux is the value of the mean wind speed a t so height zx; az is a constant for a given turbulent state, involving n, zx and the physical constants of the fluid; Ux, in the zx plane, is assumed to be independent of x and y, so th at U and K z are functions of z only. The coefficient az used is th at given by O. G. Sutton (1934) 
where A has been identified with the kinematic viscosity of air by O. G. Sutton (1934) , and kz is the Karman constant for wind-tunnel conditions. In the open atmosphere the scale magnification in eddy effect is allowed for and an 'atmospheric k f cal culated.
Some assumption must now be made with regard to and a reasonable one appears to make K y obey the wind-power law. Comparison with equation suggests Ky = ay (4-4)
By analogy with equation (4*3) and keeping K y dimensionally correct, it is assumed that
. W i n d s p e e d a n d d i f f u s i v i t i e s v a r i a b l e w i t h h e i g h t ABOVE THE EVAPORATING SURFACE
The initial step in the solution of this problem is obtained by writing
The transport equation (2-2) then becomes in these co-ordinates, after insertion of K y and K z in accordance with equations (4-2) and (4-4),
where p
The original bounding parabola 2 = ' (2 + n )'
4 A x becomes rf 4/it-, where now
As in the parallel case of constant wind and diffusivity a solution independent of X exists and has then to satisfy ( 1 -2 p)dX 
The rate of evaporation a t a point (x, y) on the saturated (3*9), and the substitutions (3-3) and (5-1), to be The total rate of evaporation from a parabolic area of downwind length x is siv en t,y E = 2C rx/*2
By substituting y = 2<J(Ax) shit, this becomes
and hence
This function reduces, as is to be expected, to the equation (3*12) when p is equated to the value I t should be noted th at this solution is rigorously true only for parabolic areas infinite in extent downwind, with vertices pointing upwind and axes lying parallel to the mean wind direction. For a parabolic shape, of finite length xx, lying upwind of the line x -x 1 the formula (5-9) is not applicable in the very small region near to this bounding edge; but it is reasonable to suppose th at the total rate of evaporation given by equation (5-12) is not affected to any significant extent. In the same way equation (5*6) for the concentration x is only true as far as x = x x. Equation (5*9) enables the relation between /? and xlXo t° be evaluated: and hence the iso-concentration lines in any vertical plane at are then given by /)/2 f-1 (5-13) ,+ 4tAx cosh2/# 4 (m -f | ) 2 A x x sinh 1.
. W i n d s p e e d a n d n o r m a l d i f f u s i v i t y v a r i a b l e w it h HEIGHT AND LATERAL DIFFTJSIVITY ZERO
For purposes of comparison it is necessary to obtain the theoretical equations giving the concentration of vapour above and evaporation from a parabolic area, on the assumption of wind speed and normal diffusivity varying with height and lateral diffusivity zero. 
I(r,p) is tabulated in Pearson's Tables of the Incomplete
On this assumption of zero lateral dispersion the solution for the parabola y 2 = 4Ax, of downwind length x, along the downwind edge becomes
(6-5)
Co m p a r is o n o f t h e o r e t ic a l r e s u l t s w it h e x p e r i m e n t
The solution in § 3, based on the assumption of constant wind and diffusivities, is of interest only from the theoretical point of view in th at it indicates the mathe matical approach to the harder case where these entities are allowed to vary with height. No numerical results are given.
The main difficulty in the theoretical computation of equations (5-6) and (5-12) lies in evaluating the integral S(/i,p). Simpson's rule was found to be sufficiently accurate for comparison with experiment, but difficulty was encountered near the origin where the integral tended to an infinite value. This was overcome by sub stituting the asymptotic series for the sinh function and integrating over a small range 0 to e, with p = A,
where F(/i, (f) is given in equation (5-7). The integral from e to infinity was evaluated by Simpson's rule and added to the integral from 0 to e, giving the complete Experiments were carried out some time ago by the author in a Ministry of Supply wind tunnel to measure rates of evaporation from parabolic surfaces, saturated with aniline, of equal area, arranged in turn on the floor of the working section of the tunnel with axes parallel to the mean air stream direction and vertices directed upstream. The experimental technique followed th at used by Pasquill in experi ments described fully in his paper (Pasquill 1943) ; and evaporation, air temperature, and wind speed in the free stream of the working section were measured as in his experiments. The wind-velocity 'profile' (i.e. variation of wind with height) near the evaporating plate was determined by means of a small, standard, pitot static tube: these observations yielded a measure of the degree of turbulence given by the index m of equation (4*1) of 0-120 in good agreement with previous values. The observed rates of evaporation were reduced to the form E /y0 g. /min. /unit of saturated vapour concentration a t the surface (e.g.s. units), where E is the total rate of evaporation for the given area and y0 is the saturation vapour concentration at the temperature of the air stream. E /x0 was chosen as it is independent of the temperature.
Some typical theoretical and measured results for wind-tunnel scale of turbulence are given in table 1. This table shows that, for this set of experiments, the 'K y = 0 theory' under estimates the rates of evaporation by 13 to 20 %, and th at the use of as specified in § 4, improves agreement by 2 to 4%. In this connexion, a much more comprehensive series of experiments by Pasquill (1943) on evaporation from circular and rectangular areas in a wind tunnel gave even better agreement (to within 5 % for wind speeds up to 5m./sec.) between 'K y -0 theory' and experim established th at for practical purposes the theoretical model of turbulence with one-dimensional dispersion is already satisfactory for assessments of evaporation.
Turbulence and diffusion in the lower
The important difference in the two theories is expected in the decay of con centration in liquid vapour with height above the saturated surface. Unfortunately, reliable experimental results for rates of variation above parabolic surfaces are not available, but it is of interest to compare theoretical values. Table 2 was calculated by applying the equations for concentration to an area 10 yd. downwind length and bounded by the curve y2 = 8z. A so-called 'atmosph mating ay and as, when n = 0-25 and wind speed (at 2m.) = 4 m./sec.: i.e. the von Karman k for wind-tunnel flow was multiplied by a factor, dependent on meteoro logical observations, to allow for the scale differences of eddy effect in the wind tunnel and in the open atmosphere. Use was made of ideas due to Prandtl and Th. von Karman. These are described by O. G. Sutton (1934) 
The appropriate values of k were determined from (a) equation (4*1.) and (6) experi mental values of j 0 ) 'J . 
T a b l e 2 . T h e o r e t ic a l d e c a y i n c o n c e n t r a t io n a b o v e t h e c e n t r e o f t h e DOWNWIND EDGE OF

_ . " concentration of vapour at height
Zi n. Experiments have been carried out by the Ministry of Supply to determine the decay with height in concentration of vapour above rectangular areas (some typical results are shown in table 3). I t was discovered th at the calculated decay, using the one-dimensional dispersion system, is much too slow. These experimental values are grouped closely around zero temperature gradient conditions and have been averaged. Theoretical, i.e.
Ratio o f ---------------:--------------------------------
' K y = 0 ', results based on these ave have been worked out from equations (6*4) and are quoted in table 3. They are identical with the ' K y = 0 ' results of table 2 (same 'n ' value, with slightly different wind speed) to the order of accuracy quoted. Table 2 illustrates the much more rapid dilution of concentration obtained with the two-dimensional system. T a b l e 3. M e a s u r e d a n d c a l c u l a t e d c o n c e n t r a t io n o v I t appears from §7 and other results (Pasquill 1943; Frost 1946 ) th at for plane, finite evaporating surfaces the theoretical expressions for total rates of evaporation into turbulent air streams, on the basis of an eddy diffusion agency operative only in a direction normal to the evaporating surface, is adequate for practical purposes. A slight improvement is introduced with the expressions obtained in § 5, but the advantage in simplicity of mathematical form lies with previous results. The equa tions obtained by the one-dimensional model, however, for the decay in concentra tion above an evaporating strip of finite lateral dimensions seri the effect. I t is proposed th at the introduction of a lateral diffusion mechanism, even though empirical in nature, is a first step towards an improved theory. Solution of the resulting differential equation for areas of other shapes has as yet not been successful; e.g. a rectangular strip, infinite in extent downwind, appears to lead to Mathieu functions of the hyperbolic and elliptic type in the case of constant wind and diffusivity, and to the Associated Mathieu functions in the general case. A com pletely satisfactory analytical solution has, as yet, defied all attacks. The question of a second lateral edge has also not been resolved. I t will be of interest to specify atmospheric diffusivity by means of Frost's empirical formula (Frost 1946) and to compare results for evaporation from a parabolic area with those obtained using 0 . G. Sutton's expressions. These calcula tions are being carried out by the author.
Turbulence and diffusion in the lower atmosphere
For the future development of the theory of turbulence in the atmosphere there is a clear need for a new formulation which will furnish precise expressions for the coefficients of eddy diffusion. At the moment it appears th a t a good approximation only has been obtained by postulating the behaviour of these coefficients in the atmosphere.
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